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Abstract. Third harmonic generation from planar and spherical metal surfaces is studied theoretically
through the standard Green function method, so that the results are not affected by the uncertainty
associated with previous simplified models. In general the pattern of the non-linear scattering loosely
resembles the pattern of Mie scattering. The strong backward scattering is uniquely related to the non-
linear process. These results differ significantly from the predictions of the surface charge model.
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1 Introduction

Third harmonic generation (THG) from microscopic metal
spheres has attracted extensive interest. On the one hand,
the size and geometry of these spheres may alter THG
and other non-linear processes substantially [1–3]. On the
other hand, the pattern of THG scattering provides a rich
wealth of information to probe the nature of these altered
processes. However, to our knowledge, detailed spatial and
angular distributions of THG from metal spheres have not
been predicted successfully.

The general approach to treat THG from microscopic
metal spheres has long been established. The incident ra-
diation is resolved into partial waves, which are matched
to the partial waves internal to the metal sphere, and
to the external partial waves representing scattered light
in air. Much of the energy of the internal partial waves
is restricted to a thin layer beneath the surface of the
sphere, due to the electric conductivity of the metal. THG
from this layer is integrated together, and matched to par-
tial waves at the third harmonic outside the sphere. The
standard method to integrate THG is the Green function
method [4].

On account of the demanding nature of the above gen-
eral approach, there have been numerous attempts to use
simplified models to calculate THG and other non-linear
processes from microscopic metal spheres. For example,
Hache et al. [5] studied very small spheres to ignore the
effect of retardation. This means that the high frequency
radiation is treated as static, so that both the electric and
magnetic fields become the gradient of a scalar potential,
which is relatively easy to deal with mathematically. Agar-
wal et al. [6] devised the so-called T -matrix approach, an
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iteration method, where the first approximation to the
THG field is the Mie field, which is relatively simple. The
rest of the calculation is fairly straightforward. The pur-
pose of [5,6] is to find the macroscopic susceptibility of the
ensemble of spherical non-linear grains. Chew et al. [7] de-
veloped a method which is in fact a less concise form of the
standard Green function method. This method was used
by Hill et al. [8] to study the third order sum frequency
(TOSF) generation from dielectric spheres. However, they
only found the total TOSF output, which was shown to
depend on the overlap between the TOSF and Mie fields.
Dewitz et al. [9] used the surface charge method of Östling
et al. [10] to find the angular distributions of non-linear
scattering from microscopic metal spheres. The metal is
assumed to be highly conductive, so that there is no elec-
tric field inside the metal sphere. Consequently, there is
no electric field at the surface of the sphere, save that in
the radial direction (surface charge), as the source of var-
ious non-linear effects. This surface charge, as well as its
counterparts at higher harmonics, has only one compo-
nent, so that they can be represented and expanded by
scalar spherical harmonics. One has to start from the sec-
ond harmonic generation to study THG, which is in turn
the starting point to study higher harmonic generations.
The derivation is very involved.

We use the standard Green function method to study
the spatial and angular distributions of THG from mi-
croscopic metal spheres. No additional assumptions are
involved so that the physics of the problem will not be
affected by the uncertainties associated with simplified
models. All but one element of the third order tensor sus-
ceptibility are suppressed in properly selected local coor-
dinate systems. While this exact treatment reveals little
about THG polarization in the laboratory system, this is
of little consequence when the Green function is integrated
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numerically. The spatial distribution of THG shows for
example the similarities and differences between the Mie
field and THG field, as well as the underlying reasons.
In general, the THG field loosely resembles the Mie field,
but the former has much stronger backward scattering.
We compare our results with previous approximations, in
particular the surface charge model, and find significant
differences.

Although our major interest lies in microscopic
spheres, our study starts from planar metal surfaces, for
which various novel results are presented. We use the
Green function method to find how THG varies against
the angle of incidence, which has not been given previ-
ously. By ignoring the effect of dispersion, we find a new
analytic formula for the angular variation of THG, which
is fairly accurate. We compare this analytic formula with
the formula (also new and analytic) derived from the sur-
face charge model, and find significant differences. The
simplicity of these formulae, due to the simple geome-
try of the planar metal surface, leaves little doubt that
the surface charge model is not a valid alternative to the
Green function method. Bloembergen et al. [12] studied
the second harmonic generation (SHG) from the planar
surface of a non-linear material. However, they did not
use the Green function method. Furthermore, they were
interested in critical phenomena, such as the equivalent
Brewster angle and total reflection for harmonic waves,
rather than the angular variation of THG.

Throughout our discussion, we assume the metal sur-
face is in air, whose refractive index is n1 = 1.00 at all
harmonics. We will use iron as an example, whose re-
fractive index is n2 = 2.88 + 3.05i at λ = 617 nm but

n
(3)
2 = 1.49 + 1.41i at the third harmonic [11]. The diam-

eter of the iron sphere varies between 0 and 20 µm. In
Section 2 we introduce the Green function via a study of
THG from a planar metal surface. We ignore dispersion,

so that n2 = n
(3)
2 . In Section 3 we consider the effect of

dispersion. In Section 4 we use the surface charge model
to study THG from planar metal surfaces. We study mi-
croscopic metal spheres in Section 5. The THG scattering
is found from the standard Green function method, and
the numerical results are listed in Section 6, to be com-
pared with the surface charge model for metal spheres in
Section 7. Brief conclusions are given in Section 8.

2 Planar metal surface without dispersion

We use the Green function method to study THG from
a planar metal surface (Fig. 1). For simplicity we ignore
the effect of dispersion. We discuss this problem in some
detail to appreciate the nature of the method. This will
help us in later discussions, which may be obscured by the
rather lengthy mathematics in spherical co-ordinates. The
incident light makes an angle θi to the normal of the metal
surface, so that the wave vector of this incident light is

k1 = kn1(x̂ sin θi + ẑ cos θi) (2.1)

where k = ω/c is the wave number in vacuum, ω and c
the angular frequency and speed of the light in vacuum,

x

 z
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Fig. 1. Ray paths at the planar surface of a metal covered
by a medium. The incident, reflected and transmitted rays are
marked by A, R and T respectively, θi and θt are angles of
incidence and transmission. The refractive index is n1 in the
medium but n2 in the metal.

x̂, ŷ and ẑ unit vectors in the x, y and z-directions, re-
spectively. Similarly, the wave vector of the transmitted
light is

k2 = kn2(x̂ sin θt + ẑ cos θt) (2.2)

where θt is the angle of transmission. The amplitude T⊥ of
the transmitted light is found from the Fresnel formula [13]

T⊥ =
2n1 cos θi

n1 cos θi + n2 cos θt
A⊥. (2.3)

Here A⊥ is the amplitude of the incident light, the sub-
symbol ⊥ indicates TE polarization, that is, the electric
field of the light is in the y-direction, perpendicular to
the plane of incidence (x−z plane). Since the incident and
transmitted light must be in phase at the surface of the
metal, we have (k1−k2) · x̂ = 0 at z = 0, leading through
equations (2.1, 2.2) to Snell’s law [13]

n2 sin θt = n1 sin θi (2.4)

which is real, despite n2 being complex. On the other
hand,

n2 cos θt =
√
n2

2 − n
2
2 sin2 θt =

√
n2

2 − n
2
1 sin2 θi (2.5)

is complex, the imaginary part indicating how quickly
light attenuates towards the interior of the metal (in the
z-direction, see Fig. 1). Equations (2.1–2.5) enable us to
evaluate the electric field of the transmitted light

E⊥(r, t) = ŷT⊥ exp[i(k2 · r− ωt)] (2.6)

where r = x̂x+ ẑz.
Now we consider THG light at 3ω. Since we have ig-

nored dispersion, equations (2.1, 2.2) still apply. The elec-
tric field of the THG light is given by

E(3)(r, t) + c.c. =

∫
G(r, r′)J(r′, t)dr′ (2.7)

where the Green function

G(r, r′) =
exp[i3kn2(z − z′) cos θt]

i6kn2 cos θt
(2.8)
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which applies when z > z′, otherwise z and z′ must be in-
terchanged in equation (2.8). It is clear that equation (2.7)
integrates THG from a layer beneath the metal surface.
The non-linear displacement current density D = εΣE +
χ(3)(ΣE)3 leads through the wave equation ∇2ΣE =
µ∂2D/∂t2 to a non-linear term J = µχ(3)∂2(ΣE)3/∂t2

which can be seen as the THG current density, where µ
is the permeability, χ(3) the third order tensor suscepti-
bility of the metal, and ΣE the electric field involving all
harmonics. As a good approximation, we replace ΣE with
E⊥ + c.c. so that

J = −ŷ(3k)2T
(3)
⊥ exp[i3(k2 · r− ωt)] + c.c. (2.9)

where

T
(3)
⊥ = ε−1

0 χ
(3)
1111T

3
⊥ (2.10)

represents the amplitude of the THG field, ε0 is the vac-

uum permittivity, χ
(3)
1111 an element of χ(3) [14]. Appar-

ently T
(3)
⊥ has the dimensions of an electric field. We have

dropped from equation (2.9) terms not proportional to
exp(± i3ωt), because they do not contribute to THG. Note
that the integration in equation (2.7) is reduced to 1D,
giving

E
(3)
⊥ = T

(3)
⊥

[
ŷ
−1 + i6kn2z cos θt

(2n2 cos θt)2

]
exp[i3(k2 · r− ωt)]

(2.11)

which leads through Maxwell’s equations to

H
(3)
⊥ = n2

√
ε0

µ0
T

(3)
⊥

[
x̂
−1− i6kn2 cos θt

(2n2 cos θt)2
cos θt

+ ẑ
−1 + i6kn2z cos θt

(2n2 cos θt)2
sin θt

]
exp[i3(k2 · r− ωt)]

(2.12)

as the magnetic field density of the THG light.
In order to test whether THG is observable in the

medium outside the metal, we use equations (2.11, 2.12)
to calculate the Poynting vector. When z = 0, we find

S = Re(E×H∗)

=

√
ε0

µ0
|T (3)
⊥ |

2 Re(x̂n2 sin θt − ẑn2 cos θt)

|2n2 cos θt|4
(2.13)

where ∗ indicates complex conjugation. This is directed
toward the outside of the metal. Some of the outgoing
THG light is transmitted into the medium, the rest is
reflected back into the metal. By matching the electric
and magnetic fields of the transmitted and reflected THG
light with E(3ω) and H(3ω) in equations (2.11, 2.12), we
find

−T (3)
⊥

2n2 cos θt(n1 cos θi + n2 cos θt)
(2.14)

as the amplitude of the observed THG light, which leaves
the metal along R in Figure 1. The energy flux of the
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Fig. 2. Normalized intensities of THG scattering from a planar
metal surface. The polarization is TE and TM in the left and
right columns, respectively. Dispersion is neglected in row (a)
but considered in row (b). The surface charge model in row (c)
gives no THG for TE polarization.

observed THG light is found from equations (2.3, 2.10,
2.14) to be

n1

√
ε0

µ0
|ε−1

0 χ
(3)
1111A

3
⊥|

2 16

|n2 cos θt|2
|n1 cos θi|6

|n1 cos θi + n2 cos θt|8

(2.15)

which is plotted in Figure 2a.

The derivation is similar when the polarization is TM
(the magnetic field of the incident light is in the y-
direction, see Fig. 1). Equation (2.3) is replaced by

T‖ =
2n1 cos θi

n2 cos θi + n1 cos θt
A‖ (2.16)

where the sub-symbol ‖ indicates TM polarization. Equa-
tion (2.10) is replaced by

T
(3)
‖ = ε−1

0 χ
(3)
1111T

3
‖ . (2.17)

The amplitude of the observed THG light becomes

−T
(3)
‖ cos 2θt

2n2 cos θt(n2 cos θi + n1 cos θt)
(2.18)
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whereas the energy flux of the THG light becomes

n1

√
ε0

µ0
|ε−1

0 χ
(3)
1111A

3
‖|

2 16| cos2θt|2

|n2 cos θt|2
|n1 cos θi|6

|n2 cos θi + n1 cos θt|8

(2.19)

which is also plotted in Figure 2a.

3 Planar metal surface with dispersion

In general, the permittivity of a metal depends on the fre-
quency of light [11]. This was considered by Bloembergen
et al. [12] in their study of SHG from the planar surface of
a non-linear medium. They did not use the Green function
but solved the wave equation directly, which is possible
for the simple case of Figure 1. When applied to THG,
their results are identical to those from the Green func-
tion method. We outline these results here, which enable
us to find the angular variation of THG from planar metal
surfaces (to our knowledge not given previously). At the
third harmonic, equation (2.2) is replaced by

3k
(3)
2 = 3kn

(3)
2 (x̂ sin θ

(3)
t + ẑ cos θ

(3)
t ) (3.1)

where n
(3)
2 is the refractive index of the metal at the third

harmonic, θ
(3)
t the transmission angle of THG light. Equa-

tion (2.4) is replaced by

n
(3)
2 sin θ

(3)
t = n1 sin θi (3.2)

whereas equation (2.5) is replaced by

n
(3)
2 cos θ

(3)
t =

√
(n

(3)
2 )2 − n2

1 sin2 θi. (3.3)

If the polarization is TE, then the electric field density of
the THG light becomes

E
(3)
⊥ =

T
(3)
⊥

n2
2 − (n

(3)
2 )2

[
ŷ exp(i3k2 · r)

− ŷ
n1 cos θi + n2 cos θt

n1 cos θi + n
(3)
2 cos θ

(3)
t

exp(i3k
(3)
2 · r)

]
exp(− i3ωt).

(3.4)

The first term in the square bracket represents a plane
wave in phase with the transmitted light T in Figure 1,
which is the source of THG. The second term represents
THG light propagating on its own. The amplitude of the
observed THG light is

−T (3)
⊥

(n2 cos θt + n
(3)
2 cos θ

(3)
t )(n1 cos θi + n

(3)
2 cos θ

(3)
t )

(3.5)

which can be compared with equation (2.14). If the polar-
ization is TM, then equation (3.4) is replaced by

E
(3)
‖ =

T
(3)
‖

n2
2 − n

(3)2
2

[
(−x̂ cos θt + ẑ sin θt) exp(i3k2 · r)

− (−x̂ cos θ
(3)
t + ẑ sin θ

(3)
t )

n2 cos θi + n1 cos θt

n
(3)
2 cos θi + n1 cos θ

(3)
t

× exp(i3k
(3)
2 · r)

]
exp(−i3ωt) (3.6)

whereas equation (3.5) becomes

−T (3)
‖ [(n−2

2 + n
(3)−2
2 )n2

1 sin2 θi − 1]

(n2 cos θ
(3)
t + n

(3)
3 cos θt)(n1 cos θ

(3)
t + n

(3)
2 cos θi)

(3.7)

which is the amplitude of THG light of TM polarization.
Values of equations (3.5, 3.7) are plotted in Figure 2b,
which are very similar to the approximate THG curves in
Figure 2a.

4 Surface charge model for planar metal
surface

By definition, the surface charge is the normal compo-
nent of the electric field of light on the surface of a metal
(unit: V/m) [10]. All the tangential components of the
field are assumed to vanish. This surface charge model
works when the physical process of interest is outside the
metal. For example, in a microwave resonator most elec-
tromagnetic energy is in the empty cavity. The electric
field near the metal wall is so weak that, apart from the
field component normal to the wall, it can be safely as-
sumed to be zero. However, the situation is reversed in
THG, which takes place inside the metal. This leads to a
difficulty: when the polarization of the incident light is TE,
there is no surface charge and hence no THG, contrary to
equations (3.4, 3.5). When the polarization of the inci-
dent light is TM, the THG contribution due to the surface
charge is comparable to that from the tangential compo-
nents of the electric field, and there is no a priori justifi-
cation for ignoring the latter. To show this, we compare
expression (3.7) with the prediction of the surface charge
model. We add the electric fields of the incident light A
and reflected light R together, and subtract from the re-
sult the electric field of the transmitted light T (Fig. 1).
This cancels all the tangential electric field components of
A+R at z = 0, and the surface charge is found to be

σ =

[
A‖ +R‖ −

n1

n2
T‖

]
sin θi exp[i(kn1x sin θi − ωt)]

(4.1)

where T‖ is given by equation (2.16), and the Fresnel for-
mula [13] gives

R‖ =
n2 cos θi − n1 cos θt
n2 cos θi + n1 cos θt

A‖ (4.2)
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as the amplitude of reflected light. The surface charge at
the third harmonic is assumed to be

σ(3) = (σ + c.c.)3 ∼ σ3 + c.c. (4.3)

We have omitted from equation (4.3) all the terms not pro-
portional to exp(±i3ωt), because they do not contribute
to THG. Equation (4.3) is the normal component of THG
light on the air-metal interface. This THG light is made
from two plane waves coming from and reflected back into
the metal, and a third plane wave transmitted into air.
The amplitudes of these three waves are dictated by equa-
tion (4.3) and the fundamental law that the tangential
electric fields of the THG light be continuous across the
air-metal boundary [12]. However, another fundamental
law, that the tangential magnetic fields of THG light be
continuous, cannot be satisfied, due to the introduction of
equation (4.3). The amplitude of the THG electric wave
in air is

n−1
1 sin2 θi cos θt

n2 cos θi + n1 cos θt

[
A‖ +R‖ −

n1

n2
T‖

]3

(4.4)

where for simplicity we have ignored the effect of disper-
sion. Since χ(3) is not involved in expression (4.4), the
strength of THG cannot be predicted in a natural man-
ner. We find the normalized THG energy flux in air from
equations (2.16, 4.2, 4.4) as

sin4 θi cos6 θi cos2 θt

(n2 cos θi + n1 cos θt)8
(4.5)

which is plotted in Figure 2c. Equation (4.5) is new, and is
significantly different from equation (2.19). This, together
with the absence of THG for TE polarization, demon-
strates that the surface charge model of THG is funda-
mentally inadequate, even in the simple case of planar
metal surface. Therefore it is not proper to use this model
in the case of spherical metal surface [9], as is shown next.

5 Spherical metal surface

We consider a metal sphere illuminated by an incident
plane wave, linearly polarized in the x-direction (Fig. 3).
We use the Green function in free space [4]

G(r, r′) =
3k

(3)
2

4πi

∞∑
`=0

2`+ 1

`(`+ 1)

∑
m,σ

εm
(`−m)!

(`+m)!

× [`(`+ 1)L3
σm`(r)L1

σm`(r
′)

+ M3
σm`(r)M1

σm`(r
′) + N3

σm`(r)N1
σm`(r

′)]. (5.1)

Here 3k
(3)
2 = 3kn

(3)
2 is the wave number in the metal at

3ω, 0 ≤ m ≤ `, εm is the Neumann factor which has the
value 2 when m = 0 and 1 when m > 0, σ stands for e
(even) or o (odd), r represents the spherical coordinates

θ

ϕ

  r

 z

 y

x

 A

Fig. 3. Scattering by a metal sphere. The incident light,
marked by A, is a monochromatic plane wave, linearly polar-
ized in the x-direction. The sphere has radius ρ and is at the
centre of the coordinate systems.

r, θ and ϕ (r′ represents r′, θ′ and ϕ′). Furthermore,

L1
σm` =

1

3k
(3)
2

∇ψ1
σm`(r)

M1
σm` = ∇× [̂rrψ1

σm`(r)] (5.2)

N1
σm` =

1

3k
(3)
2

∇×∇× [̂rrψ1
σm`(r)]

are solutions of the vector wave equation, r̂ being the ra-
dial unit vector,

ψ1
em`(r) = j`(3k

(3)
2 r)Pm` (cos θ) cosmϕ (5.3)

with Pm` being the associated Legendre function, σ having
taken the value e for even symmetry. If σ = o then cosmϕ
in equation (5.3) should be replaced by sinmϕ. When the
upper index of ψ is not 1 but 3, j` should be replaced

by h
(1)
` (both are spherical Bessel functions) [12,15]. So

far we have assumed r > r′, otherwise the upper indices
of L, M and N in equation (5.1) must be interchanged.
The Green function in equation (5.1) is a dyadic, which
represents a vector point source, similar to the familiar
scalar point source exp(ik|r− r′|)/k|r− r′| in a vacuum.

In the metal sphere the THG current density is given
by (see Sect. 2)

J(r, t) = µχ
(3)
1111

∂2

∂t2
[Emie(r, t) + c.c.]3

∼ −(3k)2T (3)(|u|2 − |v|2 + 2iu · v)(u + iv)

× exp(−i3ωt) + c.c. (5.4)

where Emie(r, t) = Amie(u + iv) exp(−iωt) is the electric
field inside the metal sphere, Amie being the amplitude of
the incident plane wave,

T (3) = ε−1
0 χ

(3)
1111A

3
mie (5.5)

which has the dimensions of electric field density. The
first line of equation (5.4) means that J is parallel to
Emie + c.c. whereas |J| is proportional to |Emie + c.c.|3.
To see this, consider a local Cartesian coordinate system
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where Emie + c.c. is parallel to the x-axis. Then in THG
the electric fields of all three incident waves are in the x-
direction, which suppresses 20 of the 21 non-zero tensor
elements, leaving J in the x-direction [14]. On the other
hand, had J had a component in say the y-direction, the

tensor element χ
(3)
2111 would have been non-zero [14]. The

second line of equation (5.4) is found by expanding the
first line and keeping terms proportional to exp(±i3ωt),
because other terms do not contribute to THG. According
to Mie theory [13,16]

u + iv =
∞∑
`=1

i`+1 2`+ 1

`(`+ 1)
[aTE` M1

o1`(r) + aTM` N1
e1`(r)]

(5.6)

where M and N are defined by equations (5.2, 5.3), 3k
(3)
2

being replaced by k2 = |k2|, because equation (5.6) applies
not at 3ω but at ω, where k2 is given by equation (2.2).
We also have

aTE` =
n2

ψ`(n2kρ)ζ
(1)′

` (kρ)− n2ψ′`(n2kρ)ζ
(1)
` (kρ)

(5.7)

aTM` =
−in2

n2ψ`(n2kρ)ζ
(1)′

` (kρ)− ψ′`(n2kρ)ζ
(1)
` (kρ)

(5.8)

where ρ is the radius of the metal sphere, ψ` and ζ
(1)
` are

Ricatti-Bessel functions [15], a prime over these functions
denoting differentiation with respect to the argument.

In equation (5.4) |r| ≤ ρ must hold, because there is no
THG current outside metal sphere. To simplify our argu-
ment, we consider THG radiation just beneath the surface
of the sphere, so that |r| = ρ. This means that, when we
substitute equations (5.1, 5.4) into equation (2.7), r ≥ r′

always holds, and there is no need to change the upper
indices of M and N in equation (5.1). We will drop L
from equation (5.1), otherwise ∇ · E(3) will not vanish,
inconsistent with the fact that in THG the effect of free
charges is negligible [13]. We are free to do so, because
E(3) incorporates a scalar potential not yet specified. The
electric field of the THG light is found to be

E(3)(r, t) = T (3)
∞∑
`=0

2`+ 1

`(`+ 1)

∑
σ,m

(`−m)!

(`+m)!

× [bTEσmlM
3
σm`(r) + bTMσmlN

3
σml(r)] exp(−i3ωt) (5.9)

where |r| = ρ, T (3) is defined by equation (5.5),

bTEσm`=
−(3k)3n2

4πi

∫
M1

σm`(r)(|u|2−|v|2+2iu·v)(u+iv)dr

(5.10)

bTMσm`=
−(3k)3n2

4πi

∫
N1
σm`(r)(|u|2−|v|2+2iu·v)(u+iv)dr

(5.11)

M and N being given by equations (5.2, 5.3), whereas u
and v being given by equation (5.6).

Equation (5.9) applies only at |r| = ρ, because when
|r| > ρ the refractive index changes. On the other hand,
equation (5.1) is the Green function in free space, where
the refractive index is constant. The THG radiation out-
side the metal sphere is found from the following physical
consideration [8]. At the boundary of the metal sphere,
some energy of E(3) in equation (5.9) is reflected back
into the sphere to generate an internal field, which is a
series in M1

σm`(r) and N1
σm`(r), similar to equation (5.6)

but at the third harmonic. This internal field and E(3) are
added together to give the electric field of THG light on
the metal surface. The magnetic field of the THG light
is then found from Maxwell’s equation. The tangential
components of these THG fields are continuous across the
metal-air boundary, and this defines THG radiation in air.
As a result, we find the electric field of the THG radiation
in air as

T (3)
∞∑
`=0

2`+ 1

`(`+ 1)

∑
σ,m

(`−m)!

(`+m)!

× [cTEσm`M
3
σm`(r) + cTMσm`N

3
σm`(r)] exp(−i3ωt). (5.12)

M and N are given by equations (5.2, 5.3), with 3k
(3)
2

being replaced by 3k, the wave number at 3ω in air. Fur-
thermore

cTEσm`=
bTMσm`

ψ`(3n
(3)
2 kρ)ζ

(1)′

` (3kρ)−n(3)
2 ψ′`(3n

(3)
2 kρ)ζ

(1)
` (3kρ)

(5.13)

cTMσm`=
i bTMσm`

n
(3)
2 ψ`(3n

(3)
2 kρ)ζ

(1)′

` (3kρ)−ψ′`(3n
(3)
2 kρ)ζ

(1)
` (3kρ)

(5.14)

where bTEσm` and bTMσm` are given by equations (5.10, 5.11).
Equations (5.13, 5.14) can be compared with their coun-
terparts equations (2.14, 2.18, 3.5, 3.7) for THG scattering
by the planar metal surface. The magnetic field of scat-
tered THG light can be readily found from equation (5.12)
through Mie theory. The density of energy flux of THG
scattering is found from the first line of equation (2.13).

6 Numerical results

The integrations in equations (5.10, 5.11) are three dimen-
sional (3D), which represents a large amount of computa-
tion. However, the Mie field in equation (5.6) has a sim-
ple dependence on ϕ, so that the integration in ϕ can be
performed analytically, that is equations (5.10, 5.11) are
actually 2D with respect to numerical integration. Fur-
thermore the analytical integration in ϕ leads to a se-
lection rule that, unless m = 1 or 3, cTEσm` and cTMσm` in
equations (5.10, 5.11) will vanish, significantly reducing
the number of terms in equations (5.9, 5.12) (there is a
different selection rule in [8], because the standard Green
function is not used there).

We evaluate equations (5.6, 5.9, 5.12), truncate the se-
ries when the desired accuracy is attained, which in our
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Fig. 4. Normalized cross-sections of total (left column) and
backward (right column) scattering: row (a) Mie scattering,
row (b) THG scattering and row (c) THG scattering from the
surface charge model.

case is ` ≈ 50 for THG at x = 10. We use the Newton-
Cotes formula of the 10th order for numerical integra-
tion [15]. The number of divisions of the integration in-
terval is chosen to be 5 times the number of zeros of M or
N in equation (5.1). For example, the Legendre function
Pm` (cos θ) has ` zeros for 0 ≤ θ ≤ π, so that the number
of divisions is 5`. To check the accuracy of the above in-
tegration scheme, we study coherent fluorescence from a
dielectric micro-sphere. We replace equation (5.4) with the
Mie field J = α(u+iv) exp(−iωt), α being a constant and
u + iv given in equation (5.6). As a result, we are able to
evaluate equation (2.7) both analytically and numerically.
The analytical result is virtually identical to that in [7].
The relative error in the numerical result is at worst ∼ 5%
in directions of θ where fluorescence is extremely weak. In
most directions the error is much smaller.

We define the (normalized) total cross-section of scat-
tering as Wtotal/πρ

2, Wtotal being the scattered energy
into a 4π solid angle and ρ the radius of the sphere. We also
define the (normalized) cross-section of backward scatter-
ing as Wback/πρ

2, Wback being the scattered energy into
unit solid angle about θ = 180◦.

We compare Mie scattering and THG scattering. In
Figure 4a the total cross-section of Mie scattering in-
creases quickly until kρ ≈ 1, and becomes fairly flat there-
after. In Figure 4b the total cross-scattering of THG scat-
tering also increases until kρ ≈ 1, but drops sharply at
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Fig. 5. Spatial (left column) and angular (right column) dis-
tributions of the electric Mie field in the ϕ = 90◦ plane. The
linear grey scale is proportional to the absolute value of the
field (lighter gray for higher values). The broken and solid lines
in the polar plots represent the intensities of the field compo-
nents seen through a polarizer at ϕ = 0◦ and 90◦, respectively.
Row (a) kρ = 0.975 45, row (b) kρ = 1.663 37 and row (c)
kρ = 10.000 00 (broken line dropped for clarity).

larger kρ. It appears that when the metal sphere is small
the incident light may penetrate the whole interior of the
sphere, giving more THG for larger spheres, until kρ ≈ 1.
When the sphere becomes larger still, the metal ball start
to block the incident light, so that THG drops. On the
other hand, Mie scattering and THG scattering appear to
share more common features in the backward direction.
For example, both have a strong peak at kρ ≈ 1 and oscil-
late thereafter, although the oscillation of THG scattering
is more heavily damped.

In Figure 5 we plot spatial and angular distributions
of Mie scattering at kρ = 0.975 45, 1.663 37 and 10.000 00,
for which the back scattering reaches its first maximum,
its first minimum, and a representative relatively large
value of kρ, respectively. It is clear from the spatial and
angular distributions that the metal sphere casts almost
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Fig. 6. Spatial and angular distributions of the electric field
of THG scattering. The conventions are the same as those in
Figure 5.

no shadow. The incident light is blocked only in a narrow
region immediately behind the sphere (r ≈ ρ, |θ| < 90◦),
reminiscent of the well-known fact that, when a few Fres-
nel zones are blocked, the incident light may be focused
into the shadow. Indeed, there is always a peak around
θ = 0◦ in the angular distributions of Mie scattering.

In Figure 6 we plot spatial and angular distributions of
THG light for the same kρ values. In general, there is loose
resemblance between the THG and Mie distributions, par-
ticularly when kρ is large. The reason for this appears
to lie in the Huygens principle, according to which the
wave front of the Mie scattering is the envelop of spheri-
cal wavelets emitted by a previous wave front. In THG this
previous wave front also emits wavelets at the third har-
monic to produce the THG scattering, which must bear
some resemblance to the Mie scattering, such as having a
peak around θ = 0◦. On the other hand, while the THG
distributions always have a sizeable lobe around θ = 180◦,
the Mie distributions have not. The reason for this differ-
ence may be appreciated from Figure 5, where the incident
light is always blocked in a narrow shadow area immedi-

ately behind the metal sphere. Therefore THG is strong
when the sphere is illuminated directly by the incident
light, as is clear from Figure 6, which leads to the strong
backward THG scattering.

7 Surface charge model for spherical metal
surface

We outline the surface charge approach to the study of
THG by metal spheres. We study both the spatial and
angular distributions of THG light. The former was not
studied previously, but is important for us to understand
the inadequacy of this model. We incorporate numerical
methods into our study wherever convenient. The “full”
analytic solutions of Dewitz et al. [9] and Östling et al. [10]
are very involved and, in the end of the day, also have
to be evaluated numerically. The surface charge is found
to be

σ = (n2
2 − 1)r̂ · (u + iv) exp(−iωt), r = ρ. (7.1)

Here u + iv is given by equation (5.6), with the M′s be-
ing neglected, because they have no radial component, as
is clear from equation (5.2). Apparently, r̂ · (u + iv) at
r = ρ is the radial component of the electric Mie field im-
mediately beneath the surface of the metal sphere. On the
other hand, n2

2r̂ · (u + iv) at r = ρ is equal to the radial
Mie field immediately outside the sphere, which is derived
from the condition that the radial displacement current is
continuous across the metal-air boundary. The difference
between the above two radial electric fields leads to equa-
tion (7.1), which can be compared with equation (4.1).

At the third harmonic, the surface charge is

σ(3) =
∞∑
`=1

(2`+ 1)
∑
m

(`−m)!

(`+m)!
b`mP

m
` (cos θ) cosmφ

(7.2)

which is the expansion of (σ+c.c.)3 in spherical harmonics,
so that

b`m =
1

4π

∫ 2π

0

dφ

∫ φ

0

(σ3 + c.c.)Pm` (cos θ) cosmφdθ

(7.3)

where again terms not proportional to exp(±i3ωt) have
been dropped, as they do not contribute to THG. It is easy
to prove the selection rule that b`m = 0 unless m = 1 or 3.
Equations (7.2, 7.3) can be compared with equation (4.3).
Dewitz et al. [9,10] replaced σ3 in equation (7.3) with
σσ(2), where σ(2) is also found from equation (7.2), with
σ3 in equation (7.3) being replaced by σ2. Therefore the
integrand in equation (7.3) is always the product of three
spherical harmonics, which can be evaluated analytically
after lengthy algebra.

The electric field of THG scattering in air is

∞∑
`=1

2`+ 1

`(`+ 1)

∑
m

(`−m)!

(`+m)!
c`mN3

em`(r) (7.4)
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Fig. 7. Spatial and angular distributions of the electric field
of THG scattering from the surface charge model. The conven-
tions are the same as those in Figure 5.

where the N′s are given by equation (5.2), with 3k
(3)
2 in

equations (5.2, 5.3) being replaced by 3k, the wave number
of THG light in air. Equation (7.4) can be compared with
equation (5.12). Inside the metal sphere the electric field of
the THG light is a series in N1

em`(r) (see Eq. (5.2)). The
tangential components of this internal THG field must
equal those of equation (7.4). The radial component of this
internal THG field is subtracted to that of equation (7.4),
and the result must equal equation (7.2), giving

c`m =

−(3kρ)2ψ′`(3n
(3)
2 kρ)

n
(3)
2 ψ`(3n

(3)
2 kρ)ζ

(1)′

` (3kρ)− ψ′`(3n
(3)
2 kρ)ζ

(1)
` (3kρ)

b`m.

(7.5)

The fundamental law, that the tangential magnetic field of
THG light must be continuous across the metal surface,
cannot be satisfied. We use equation (7.4) and the Mie
theory to find the magnetic field of THG scattering.

We use equations (7.4, 7.5) and the first line of equa-
tion (2.13) to find THG. In Figure 4c the cross-sections of
both the total and backward THG scattering drop quickly
to vanishingly small values, quite different from the cross-
sections of Figure 4b. It is clear from Figure 7 that, while
the surface charge model produces some backward THG
scattering, the strength of this scattering is much weaker
than that in Figure 6. This appears to arise from the po-
larization of the incident plane wave, whose electric field
is in the x-direction, more or less tangential to the sur-
face of the metal sphere (Fig. 3). However, the surface
charge model ignores any electric field tangential to the
metal surface, so that THG is greatly distorted. We may
further appreciate the nature of this model through Huy-
gens principle, according to which Mie scattering is pro-
duced by wavelets emitted from the surface of the metal
sphere, whose electric fields are all in the radial direction,
on account of metal conductivity. In the surface charge
model the above surface Mie wavelets are taken to be the
source of THG, with their amplitudes cubed and frequency
shifted to the third harmonic, so that the pattern of
THG scattering resembles that of Mie scattering. Indeed,
Figure 7 resembles Figure 5 more closely than Figure 6.

8 Conclusions

We have used the Green function method to study THG
scattering from metal surfaces. Our results are consistent
with a previous study by Bloembergen et al. [12], who used
a different method, when the metal surface is planar; but
differ significantly from the results of the surface charge
model [9,10], whether the metal surface is planar or spher-
ical. In particular this model does not produce the strong
backward scattering from the metal sphere, which is a par-
ticular non-linear phenomenon. In this case the surface
charge model is not an adequate alternative to the Green
function method, because THG takes place beneath the
metal surface, where the radiation field is not dominated
by the normal component. However, the long-established
concept of surface charge can still be used successfully un-
der other circumstances, as is mentioned in Section 4.

The authors thank Professor J. C. Earnshaw for helpful com-
ments.
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